Nonlinear buckling of elastic thin films on compliant substrates is studied by modeling and simulations to reveal the roles of pre-strain, elastic modulus ratio, and interfacial properties in morphological transition from wrinkles to buckle-delamination blisters. The model integrates an interfacial cohesive zone model with the Föppl-von Kármán plate theory and Green function method within the general framework of energy minimization. A kinetics approach is developed for numerical simulations. Subject to a uniaxial pre-strain, the numerical simulations confirm the analytically predicted critical conditions for onset of wrinkling and wrinkle-induced delamination, with which a phase diagram is constructed. It is found that, with increasing pre-strain, the equilibrium configuration evolves from flat to wrinkles, to concomitant wrinkles and buckle-delamination, and to an array of parallel straight blisters. The height and width of the buckle-delamination blisters can be approximately described by a set of scaling laws with respect to the pre-strain and interfacial toughness. Subject to an equi-biaxial pre-strain, the critical conditions are determined numerically to construct a similar phase diagram for the buckling modes. Moreover, by varying the pre-strain, modulus ratio, and interfacial toughness, a rich variety of equilibrium configurations are simulated, including straight blisters, and network blisters with or without wrinkles. These results provide considerable insight into diverse surface patterns in layered material systems as a result of the mechanical interactions between the film and the substrate through their interface, which suggests potential control parameters for designing specific surface patterns.
Introduction
Thin film materials are widely used in advanced technologies (Hutchinson and Suo, 1992; Freund and Suresh, 2003) . When a thin film is under in-plane compression, it often leads to formation of surface wrinkles or buckle-delamination blisters as a result of buckling instability. Understanding the thin film surface morphology is important in various applications, such as flexible electronics (Lacour et al., 2005; Khang et al., 2006) , surface coating (Evans et al., 2001) , thin film metrology (Stafford et al., 2004; Vella et al., 2009) , and surface patterning (Genzer and Groenewold, 2006) . On a relatively compliant substrate, wrinkling is typically observed (Bowden et al., 1998; Yoo et al.,2002; Ohzono and Shimomura, 2004; Efimenko et al., 2005; Vandeparre and Damman, 2008; Yang et al., 2010) . On a relatively stiff substrate, buckledelamination blisters are more likely to occur (Gioia and Ortiz, 1997; Moon et al., 2002; Parry et al., 2006; Abdallah et al., 2006; Vella et al., 2009; Faou et al., 2012) . In some thin film systems, wrinkles and buckle-delamination blisters can co-exist and co-evolve (Mei et al., 2007; Goyal et al., 2010) . The polymorphism of the buckling morphology reflects the rich mechanics of nonlinear buckling in the thin film and layered material systems. While both wrinkling and buckle-delamination have been studied extensively, it remains unclear how the buckling morphology evolves, especially when both wrinkling and buckle-delamination are theoretically possible.
Most of the previous studies have considered wrinkling and buckle-delamination separately. Assuming no delamination, the critical condition for onset of wrinkling can be predicted by a linear perturbation analysis, while the equilibrium wrinkle wavelength and amplitude are predicted via an energetic analysis (Groenewold, 2001; Chen and Hutchinson, 2004; Huang, 2005; Huang et al., 2005; Jiang et al., 2007; Audoly and Boudaoud, 2008; Cai et al., 2011) . A variety of wrinkling patterns have been predicted or simulated by analytic and numerical calculations based on the principle of energy minimization (Chen and Hutchinson, 2004; Huang et al., 2004 Huang et al., , 2005 Peyla, 2005; Huang and Im, 2006; Cao et al., 2008; Im and Huang, 2008; Audoly and Boudaoud, 2008; Uchida and Ohzono, 2010; Cai et al., 2011; Ni et al., 2011) . On the other hand, pre-existing interfacial delamination is commonly assumed in the studies of buckle-delamination blisters, which have largely focused on the growth of buckledelamination blisters (Chai et al., 1981; Ortiz and Gioia, 1994; Nilsson and Giannakopoulos, 1995; Audoly, 1999; Jagla, 2007) . Recently, it was found that the critical condition for onset of buckling depends sensitively on the preexisting delamination, and a smooth transition from buckledelamination to wrinkling with decreasing delamination size was predicted by a finite element eigenvalue analysis (Mei et al., 2011) . Without pre-existing delamination, progressive wrinkling with increasing amplitude may lead to nucleation of interfacial delamination and subsequently co-evolution of wrinkles and buckle-delamination blisters (Goyal et al., 2010; Mei et al., 2011) . In this paper we present a unified modeling approach to simulate morphological evolution from wrinkling to buckle-delamination for elastic thin films on elastic substrates, which can be used to systematically study the roles of pre-strain, film/substrate modulus ratio, and the interfacial properties.
The remainder of this paper is organized as follows. In Section 2, we present a theoretical model that integrates the Föppl-von Kármán (FvK) plate theory for the film, the Green function method for the substrate, and a cohesive zone model for the interface. In Section 3, a numerical method based on a kinetics approach is described. Section 4 presents the results from numerical simulations under uniaxial and equi-biaxial compression, in comparison with previously reported analytical predictions and scaling analysis. A variety of post-buckling morphology is simulated as a result of the interplay between wrinkling and buckle-delamination. Section 5 concludes the present study with a brief summary.
Theoretical model
Consider an elastic thin film of thickness h bonded onto an elastic substrate; the substrate is assumed to be of infinite thickness in the present study. Under in-plane compression, the film tends to buckle. As shown in Fig. 1 , surface wrinkling (without interfacial delamination) and buckle-delamination are two typical buckling modes. In this section, a theoretical model is developed to study both buckling modes and their interactions in a unified framework. We model the film as an isotropic FvK plate with a prestrain, the semi-infinite substrate by a Green function method, and the film/ substrate interface by a cohesive zone model, described as follows.
Deformation and energetics of an elastic film
Consider an elastic film with an in-plane eigenstrain, e 0 ab , which may result from thermal expansion, solvent absorption induced swelling, or volume change by microstructural transformation. Constrained by the substrate, the total in-plane strain in the film consists of the prescribed eigenstrain (or prestrain) and the strain due to elastic deformation, e el ab . Under the assumption of small strain, the total strain is simply the sum of the two parts:
ð2:1Þ which is defined with respect to a stress-free reference state before imposing the eigenstrain. According to the FvK plate theory (Mansfield, 1989) , the displacement components at any point in the film, u i (i = 1-3), can be expressed by the middle-plane displacement, u ¼ ðu a ; fÞ, based on the Kirchhoff assumption:
ð2:2Þ
The total in-plane strain is then
where a nonlinear term is included to account for geometrical nonlinearity due to moderately large deflection of the elastic film. The Greek indices are used for in-plane coordinates 1 or 2, and Latin indices for 1, 2 or 3. The usual summation convention applies for repeated indices, and a comma stands for differentiation with respect to the suffix index. Substituting Eqs. (2.2) and (2.3) into (2.1), the elastic strain in the thin film is obtained as e el ab ¼ e ab À x 3 f ;ab ;
ð2:4Þ where
is the elastic membrane strain of the film at the mid-plane (x 3 = 0). The stress in the film is related to the elastic strain as
where l f and v f are the shear modulus and Poison ratio of the film, respectively. The total elastic strain energy in the film is obtained by integrating through its volume, namely are the stretching energy and the bending energy in the film, respectively, defined as follows: 
ð2:13Þ
ð2:14Þ
Note that the effect of eigenstrain is incorporated in the membrane force, in addition to the linear and nonlinear parts resulting from the in-plane and out-of-plane displacements, respectively. Furthermore, a positive eigenstrain (uniaxial or equi-biaxial) results in a compressive membrane force N ð0Þ ab in the film, which is the driving force for the buckling deformation.
Deformation and energetics of an elastic substrate
The semi-infinite substrate is subject to surface tractions via the interaction with the film. The elastic strain energy of the substrate can be written as a surface integral 
A cohesive zone model for interface
A cohesive zone model is adopted for the interface between the film and the substrate, in which the interfacial property is represented by a nonlinear traction-separation relation derived from a potential energy function (Xu and Needleman, 1994) . Denote the displacement jump across the interface as K, and the potential energy of the interface as /ðKÞ. The interfacial traction is then obtained as T ¼ @/ðKÞ=@K. In the present study, a specific form of the potential energy function with mixed-mode decohesion (van den Bosch et al., 2006; Park et al., 2009 ) is used, in which the adhesion energy depends on the decohesion path as a functional of K and the interfacial traction components are obtained as
21Þ
q are the normal and tangential components of the displacement jump across the interface, respectively. Four parameters are needed in the cohesive zone model: c n and c t are the normal and tangential interfacial toughness, respectively; d n and d t are two characteristic lengths corresponding to the normal and tangential displacement jump. In particular, with K t ¼ 0 (pure mode I), the normal traction given by Eq. (2.20)
The maximum tractions, r max and s max , are often called the normal and tangential strengths of the interface, respectively. Under a mixed mode condition, however, the traction-separation relations depend on the mode mix, which may be defined by the ratio between the traction components, T a =T n , or the ratio between the displacement components, K a =K n . It can be shown that the interfacial fracture toughness, obtained by integrating the traction-separation relations, c ¼
the fracture toughness is in between, ½c n ; c t min 6 c 6 ½c n ; c t max , depending on the mode mix. We note that K n < 0 leads to apparently unphysical inter-penetration in the current cohesive zone model. A small inter-penetration can be accommodated if a nonzero equilibrium gap between the film and the substrate due to their intermolecular forces is taken into account. Alternatively, a consistent cohesive zone model can be constructed using the concept of deformation-coupled intermolecular interaction between two bodies (He, 2013) .
The displacement jump across the interface is related to the displacements of the film and the substrate surface by the geometric conditions as
ð2:22Þ
A variational analysis
The equilibrium configuration is obtained by minimizing the total energy of the material system including the film, the substrate, and the interface:
With the geometric conditions in (2.22), the total energy is taken to be a function of the film displacements (u a and f) and the interfacial separation (K a and K 3 ). At the equilibrium state, the variations of U tot with respect to u a , K a , f and K 3 vanish. Specifically, dU tot =dK 3 ¼ 0 leads to the normal traction continuity relation 
where 
ð2:31Þ
whereG ab is the Green function in the Fourier space defined as the inverse of C ab :
In general, by solving Eqs. (2.24)-(2.27), we obtain six field quantities in the two-dimensional space (x 1 , x 2 ): f, u a , K 3 and K a . By Eq. (2.28), the Fourier transform of u a can be solved for given f, K 3 and K a , thus reducing the number of unknowns to four. An iterative procedure may be used to solve these nonlinear equations numerically. Alternatively, a kinetics approach is developed to solve the nonlinear system, as presented in Section 3.
Numerical method: a kinetics approach
Instead of directly solving the coupled nonlinear equations in (2.24)-(2.26) for the equilibrium configuration, we consider a set of Ginzburg-Landau kinetic equations (Carter et al., 1997) : 
where P b ¼ N ab f ;a . Note that the right-hand side of Eqs. (3.7)-(3.9) includes both linear and nonlinear terms. A semi-implicit algorithm is then adopted to integrate these equations over time, similar to that in a previous study (Huang and Im, 2006) . In the numerical simulations, the dimensional quantities are normalized by scaling the length with the film thickness and the time with s ¼ h=C f l s (i.e., t 0 = t/s). Square computational domains of size 1024 Â 1024 are used with periodical boundary conditions and the time step Dt 0 ¼ 1. A randomly generated small fluctuation of f is introduced throughout the simulations to mimic thermal fluctuation that facilitates onset of buckling and nucleation of buckle-delamination. In the present study, we consider homogeneous pre-strains, with uniaxial and equi-biaxial components. We focus our study on the effects of the modulus ratio l f =l s and the interfacial toughness, normalized by c Ã ¼ hl s . For simplicity, the interfacial toughness is assumed to be independent of the mixed mode, c ¼ c t ¼ c n (unless noted otherwise). To be specific, we have used the following parameters in our simulations:
2 such that the time step can be large enough and the calculated post-buckling profile is not sensitive to the variation of d n =h; d t =h in the case of fixing the value of the interfacial toughness, c t ; c n . And C K 3 =C f ¼ C Ka =C f ¼ 0:002 guarantee that the delamination process is usually much slower than that of the buckling process. By the way the equilibrium buckling profile is not sensitive to the variation of C K i =C f as we have checked. Moreover, we have taken the substrate to be incompressible (m s = 0.5) so that the matrix M ij in (2.17) is greatly simplified.
Results and discussions

Initiation of wrinkling-induced delamination under uniaxial compression
Start from a flat configuration of the film/substrate system with a perfect interface. Subject to uniaxial in-plane compression, the critical strain for the onset of wrinkling instability is (Chen and Hutchinson, 2004; Huang et al., 2005) e w ¼ 1 4
ð4:1Þ
Beyond the critical strain, the wrinkle amplitude grows, inducing normal and shear tractions along the interface. The critical strain to cause initiation of interfacial delamination was predicted by Mei et al. (2011) . With the two critical strains, we construct a phase diagram for the morphology of the film/substrate system, as shown in Fig. 2 . The pre-strain is scaled by the critical strain for wrinkling, and the interfacial properties as well as the elastic mismatch are lumped into one dimensionless parameter, q ¼ 3À4ms 4eð1ÀmsÞ
In this way, the critical condition for wrinkling is represented by one horizontal line in the panel, and the critical condition for initiation of wrinkling induced delamination is a single curve, e wd ew ¼ 1 þ q 2 . Therefore, the panel in Fig. 2 is divided into three regions for flat (I), wrinkling with no delamination (II), and wrinkle-induced delamination (III). By using the present model and numerical simulations without imposing any ad hoc constraints on the buckling mode, we determined the critical conditions for the transitions from flat to wrinkling and to wrinkle-induced delamination by tracking the field variables f, K 3 and K a in the film/substrate system subject to increasing prestrain, e pre , for various combinations of the modulus ratio, l f =l s , and normalized interface toughness, c=ðl s hÞ. For example, the transition from flat to wrinkling is taken approximately when the rootmean-square (RMS) average of the deflection is larger than a critical value, i.e. f ¼ ffiffiffiffiffiffiffiffi hf 2 i q > 0:01h, while the interfacial separation remains small (jK 3 j max < d n ); the transition from wrinkling to wrinkle-induced delamination occurs when the maximum interfacial separation becomes large enough so that the corresponding interfacial traction is nearly zero, i.e., jK 3 j max > 4d n . As shown in Fig. 2 , the critical strains determined numerically for various material parameters collapse onto the two lines predicted by (4.1) and (4.2). Fig. 3 shows the results from two representative numerical simulations, both under a uniaxial compression with the eigenstrain e pre ¼ 0:003. With the elastic modulus ratio l f =l s ¼ 4200, the critical strain for onset of wrinkling by Eq. (4.1) is e w ¼ 0:0025. For the case of a high interfacial toughness (c n =c Ã ¼ 2:7), the critical strain for wrinkle-induced delamination is e wd ¼ 1:56 by Eq. (4.2). Thus, the eigenstrain is sufficient to cause wrinkling, but not delamination. Indeed, the numerical simulation shows periodic wrinkles of the film with the normalized deflection (f=h) in Fig. 3(a) while the normal displacement jump (K 3 =h) across the interface remains nearly zero indicating no delamination. On the other hand, for the case of a low interfacial toughness (c n =c
and the eigenstrain is sufficient to cause wrinkling and delamination. In this case, the numerical simulation shows the film deflection (f=h) and the displacement jump (K 3 =h) across the interface evolve simultaneously in Fig. 3(b) -(d). At the initial stage ( Fig. 3(b) ), the film wrinkles periodically, and the normal displacement jump is relatively small (K 3 < d n ) and hence no delamination. As shown in Fig. 3(c) , with increasing wrinkle amplitude, the displacement jump (K 3 ) increases and reaches a critical point for nucleation of delamination. It is found that the delamination typically nucleates underneath one of the wrinkle peaks, while the exact location depends on the random fluctuation in the numerical simulations. Subsequently, as the delamination grows, the wrinkled configuration gradually transforms into localized buckledelamination. Eventually, an equilibrium configuration is reached, with a straight buckle-delamination blister in the computational domain. We note that this equilibrium configuration in general depends on the computational domain size due to the periodic boundary conditions used in the numerical simulation.
Growth of wrinkle-induced delamination under uniaxial compression
The growth of wrinkles and wrinkle-induced delamination is driven by a configurational force to minimize the total energy in the film-substrate system. Fig. 4 plots the energy changes during evolution of wrinkling and buckle-delamination presented in Fig. 3 . For the case of pure wrinkling, Fig. 4(a) shows that the decrease of the stretch energy in the film is accompanied by the increase of bending energy in the film and elastic energy in the substrate when the wrinkle amplitude starts growing rapidly at t 0 > 8 Â 10 3 , while the potential energy of the interface remains negligible. As a result, the total energy decreases. As the wrinkles evolve towards the equilibrium state, the energy approaches a plateau. The equilibrium wrinkle amplitude and wavelength compare closely with analytical solutions. For the case of wrinkling-induced delamination, Fig. 4(b) shows that the energy relaxation has three distinctive stages. The first stage is due to the wrinkle formation and growth from t 0 $ 8 Â 10 3 to t 0 $ 4 Â 10 4 , when the potential energy of the interface is relatively small compared to the other energy contributions. The second stage corresponds to the spontaneous nucleation and growth of the buckle-delamination, with simultaneous decay of the wrinkles (as shown in Fig. 3(c) ). In this stage, the stretching energy in the film decreases more rapidly than the first stage while the bending energy increases more rapidly. Moreover, the strain energy of substrate decreases and the potential energy of interface becomes more significant. The third stage is marked by the decrease in the bending energy at t 0 > 1 Â 10 5 due to coarsening of the buckle-delamination till a single straight blister is formed (Fig. 3(d) ). Clearly, the total energy relaxation in the processes of wrinkling and wrinkling-induced delamination is largely dominated by reduction of the stretching energy in the film, while the other energy terms (bending, substrate, and interface) increase slightly as a penalty. The potential energy of the interface plays an important role so that further reduction of the stretching energy is hindered by the energetic cost of interfacial delamination in the case of high interfacial toughness (c n =c Ã ¼ 2:7), while the stretching energy is significantly reduced after wrinkle-induced delamination for the case of low interfacial toughness (c n =c Ã ¼ 0:005). Growth of wrinkling-induced delamination significantly reduced the compressive stress in the film. For a very compliant substrate (e.g., l f =l s ¼ 4200), the stress relaxation extends over a large area, wiping out all the wrinkles (Fig. 3(d) ). For a less compliant substrate (l f =l s ¼ 420), the stress relaxation is limited to the area around the buckle-delamination blister, while wrinkles remain observable in the area far away from the blister, as shown in Fig. 5(a) . The corresponding compressive membrane strain e 11 plotted in Fig. 5(c) suggests that the relaxation of the elastic membrane strain by the buckle-delamination blister is insufficient to When the pre-strain is further increased, as shown by Fig. 5(b) , a second wrinkle-induced delamination blister is formed in the computational domain, with which the compressive membrane strain e 11 is further relaxed as shown in Fig. 5(d) and hence no wrinkles. The results in Fig. 5 suggest that, subject to increasing compressive uniaxial pre-strain, the equilibrium state of the film/ substrate system may evolve progressively from flat to wrinkling, to concomitant wrinkles and buckle-delamination, and to an array of parallel buckle-delamination blisters. It is noted that, unlike previous studies on buckle delamination (Chai et al., 1981; Ortiz and Gioia, 1994; Mei et al., 2011) , no pre-existing delamination is assumed in our simulations. While the presence of interfacial defects is practically inevitable in any material systems, the locations and sizes of the pre-existing defects are often unknown, adding uncertainties for the prediction of buckle delamination. For an elastic film on a compliant substrate, wrinkling-induced nucleation of delamination offers an alternative mechanism for the formation of buckle-delamination blisters.
Equilibrium configuration of straight buckle-delamination blisters
Our numerical simulations show that, without any pre-existing delamination, an elastic film on a compliant substrate develops straight buckle-delamination blisters under uniaxial compression with a relatively large pre-strain as a result of wrinkling-induced delamination. The equilibrium buckling profile of a typical blister is presented in Fig. 3(d) , which can be approximately described by a function
where A and k are the height and width of the blister. In particular, A ¼ f max À f min is the difference between the maximum and minimum of the deflection, and k is taken as the distance between the two points with minimum deflection of the film. In general, the blister profile depends on the pre-strain, the modulus ratio, and interfacial toughness for the film/substrate system, as shown in Fig. 6 for l f =l s ¼ 4200. For a fixed pre-strain, both the height and width of the blister decrease as the interfacial toughness increases (Fig. 6(a) and (c) ). For a fixed interfacial toughness, both the height and width of the blister increase as the pre-strain increases (Fig. 6(b) and (d) ). It is found that the numerical results in Fig. 6 approximately follow a set of power laws, i.e. A=h $ e , as predicted previously by a scaling analysis (Vella et al., 2009 ). However, for relatively low modulus ratios (e.g., l f =l s ¼ 420), the numerical results deviate from the power laws significantly, as shown in Fig. 7 . Furthermore, in the limit of a rigid substrate (l f =l s ¼ 0), the numerical results again agree with the power laws for both the height and the width.
The limitation of the scaling analysis is revealed by an energetic consideration as follows. The equilibrium profile of the buckledelamination blister as approximated by Eq. (4.3) may be determined by minimizing the total energy, including the bending energy and stretching energy of the film, the potential energy of the interface, and the elastic strain energy of the substrate:
For a single straight blister in a square domain with the area S = L 2 , we obtain
where v is a constant characterizing the shape factor of the blister.
If the stretch energy in the film and the elastic strain energy of the substrate are negligible, the equilibrium profile of the blister can be determined by a simple balance between the bending energy of the film U film b
and the potential energy of the interface U i , which would lead to the power laws. We note that the elastic strain energy of the substrate can be negligible only in two extreme cases. First, if the substrate is rigid (l f =l s ¼ 0), the deformation of the substrate is zero, thus no energy change in the substrate. Second, if the substrate is very soft (l f =l s ! 1), although the substrate deforms significantly, the energy change in the substrate is negligibly small due to the small modulus. However, when the modulus ratio is intermediate (e.g., l f =l s ¼ 420), the elastic energy change in the substrate becomes an important part of the total energy so that the scaling laws for the blister size would become less accurate. Furthermore, the stretch energy in the film vanishes when the film is assumed to be inextensible so that the height and width of the blister satisfies the condition (Vella et al., 2009) A 2 eq =k eq ¼ 4e pre L=p 2
ð4:9Þ
This condition assumes that the membrane strain is fully relaxed everywhere in the film due to the buckle-delamination. Fig. 8 shows the numerical results with A 2 eq =k eq plotted as a function of the pre-strain for different modulus ratios. Apparently, A 2 eq =k eq does increase linearly with pre-strain in all cases. However, while the inextensibility condition in (4.9) is closely followed for very large and very small modulus ratios (e.g., l f =l s ¼ 4200 and l f =l s ¼ 0), it is not so for intermediate modulus ratios (e.g., l f =l s ¼ 420). As shown in strain is nearly zero in the delaminated part of the film, but the strain is not fully relaxed in the part bonded to the substrate, consistent with the results in Fig. 8 wherein A 2 eq =k eq is lower than the prediction based on the assumption of inextensibility. Consequently, the numerical results deviate from the scaling laws for the intermediate modulus ratios in Fig. 7 . Thus it may be concluded that the scaling laws are most accurate in the two limiting cases with either very large or very small modulus ratios.
Buckling patterns under biaxial compression
Subject to an equi-biaxial compression, the critical strain for onset of wrinkling instability may be predicted approximately as
, assuming the same critical stress as the case of uniaxial compression . The equilibrium wrinkle patterns however are typically chaotic under equi-biaxial compression, depending on the initial conditions and imperfections (Huang and Im, 2006) . Consequently, the critical strain for onset of wrinkling-induced delamination cannot be predicted analytically. Following the case of uniaxial compression, we assume a similar form for the critical strain,
where B is a dimensionless parameter to be determined numerically. By numerical simulations, we determine the two critical strains for different material parameters (modulus ratio and interfacial toughness) and plot them in Fig. 9 as a phase diagram for the case of equi-biaxial compression, similar to Fig. 2 respectively. Note that the critical strain for onset of wrinkling is lower than the analytical prediction, i.e., a < 1/(1 + m f ).
A rich variety of the post-buckling patterns can be obtained under equi-biaxial compression. The phase diagram in Fig. 9 provides a map for selecting the postbuckling patterns from wrinkles to buckle-delamination blisters by varying the pre-strain, the elastic modulus ratio, and the interfacial toughness in numerical simulations. There is a derivation of Eq. (4.10) from numerical results, the reason is possibly due to the fact that the wrinkling profile in the former is assumed to be periodic stripe-like while it could be chessboard-like or randomly-oriented stripes in the latter. As an example, Fig. 10 shows the simulated morphological evolution from wrinkles to buckle-delamination for a film/substrate system with l f =l s ¼ 4200 and c n =c (Fig. 10(a) ). Subsequently, multiple buckle-delamination blisters nucleate and grow in different directions (Fig. 10(b) ). The buckle-delamination blisters coexist with the wrinkles, as shown in Fig 10(b) and (c) . Interestingly, each buckle-delamination blister has a wrinkle depletion area, where the wrinkles tend to be realigned in the direction perpendicular to the blister. It is understood that the compressive stress in the film is significantly relaxed around each buckle-delamination blister in the direction perpendicular to blister but not as much in the parallel direction. Therefore, the compressive stress near each blister is nearly uniaxial, resulting in the locally re-aligned wrinkles. Similar surface patterns with coexisting wrinkles and buckle-delamination blisters have been observed experimentally by Mei et al. (2007) . Note that this pattern is different from the concomitant wrinkling and buckledelamination under uniaxial compression ( Fig. 5(a) ), where the buckle-delamination blister and wrinkles are parallel. As the buckle-delamination grows, after a sufficiently long time, a set of randomly oriented buckle-delamination blisters is obtained, with no wrinkles in between. In this case, the state with coexisting wrinkles and buckle-delamination blisters appear as a transient state, and the equilibrium configuration consists of bucklingdelamination blisters only, similar to the experimental observation by Aoyanagi et al. (2010) .
There are various buckling patterns observed in experiments for biaxially compressed thin film systems. When the interfacial toughness is high and the pre-strain is in the range, e bi w < e pre < e bi wd , the film only wrinkles and evolves into a herringbone or labyrinth pattern. With lower interfacial toughness or larger pre-strain, wrinkling-induced delamination occurs and develops into buckle-delamination blisters. Fig. 11(a)-(c) shows that, with increasing pre-strain, the equilibrium post-buckling pattern of a film/substrate system changes from herringbone wrinkles to straight buckle-delamination blisters and to blisters with a concave polygon-like shape. Similar patterns have been observed in a carbon film on a glassy substrate (Gioia and Ortiz, 1997) . Moreover, the post-buckling pattern depends sensitively on pre-existing defects. Fig. 11(d) shows that, with a pre-existing defect in a 30 Â 60 rectangular area at the center of the computational domain, a straight buckle-delamination blister develops under a relatively small strain and coexists with wrinkles, similar to the experimental observation by Mei et al. (2007) . In a separate study (Ni and Soh, 2014 ), the present model and numerical simulations are employed to study formation of intriguing telephone-cord blisters often observed on relatively stiff substrates. Together, the capability of the present model for simulating complex buckling morphology of elastic thin films is demonstrated.
Conclusions
In summary, we have developed a nonlinear continuum model and numerical simulations to investigate the buckling morphological transition from wrinkling to buckle-delamination in thin film structures. The roles of pre-strain, film/substrate modulus ratio, and interfacial toughness are elucidated in the phase diagrams for uniaxial and equi-biaxial compression. In the case of uniaxial compression, parallel wrinkles may develop into straight buckledelamination blisters through wrinkling-induced delamination. The equilibrium profiles of the buckle-delamination blisters obtained by numerical simulations agree with a set of power laws predicted by a scaling analysis, when the film/substrate modulus ratio is very large or small corresponding to the cases of very soft or rigid substrate, respectively. For the case of equi-biaxial compression, a rich variety of post-buckling patterns are possible. The present model offers a unified approach to study wrinkling and buckle-delamination for diverse thin-film material systems, where the interfacial properties are taken into account explicitly. The numerical method enables simulation of complex buckling patterns comparable to experimental observations. We believe that the unified approach could provide a computational tool for better understanding of diverse buckling patterns in layered material systems, and it could also provide the potential control parameters for manipulating the buckled surface patterns to elaborate the applications wherein tunable surface morphology is favorable.
